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Abstract. Given a vector field A" in a Riemannian manifold, a 
hypersurface is said to have a canonical principal direction relative 
to X if the projection of X onto the tangent space of the hypersur- 
face gives a principal direction. We give different ways for building 
these hypersurfaces, as well as a number of useful characteriza- 
tions. In particular, we relate them with transnormal functions and 
eikonal equations. With the further condition of having constant 
mean curvature (CMC) we obtain a characterization of the canon- 
ical principal direction surfaces in Euclidean space as Delaunay 
surfaces. We also prove that CMC constant angle hypersurfaces in 
a product M x iV are either totally geodesic or cylinders. 

1. Introduction 

The detailed study of some well-known curves and surfaces lead to 
quite interesting recent developments in differential geometry. For ex- 
ample, the logarithmic spiral in and the standard helix in may 
be considered as particular cases of a more general concept, that of 
submanifolds making a constant angle with a given, distinguished vec- 
tor field. A number of research papers in this area include [1], [3j, [1], 
[5], [6], [9], [I2], [H], [15], and references therein. 

It turns out that many constant angle hypersurfaces fall into a broader 
class of submanifolds, defined as follows. If M""*"^ is a Riemannian man- 
ifold and M is an orientable hypersurface of M, M is said to have a 
canonical principal direction relative to a vector field X G X(M) if 
the projection of X into the tangent space of the hypersurface gives a 
principal direction. For example, rotation hypersurfaces in Euclidean 
spaces have a canonical principal direction relative to a vector field 
parallel to its rotation axis. 

Special types of canonical principal direction hypersurfaces are stud- 
ied in [7], [8] and [16]. We point out our recent paper [11], where we 
work in a warped product J of a real interval with a manifold 
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A^. In this context, we proved that a hypersurface making a constant 
angle with the vector field dt tangent to the /-direction has a canonical 
principal direction relative to dt- Noting that the vector field gdt is an 
example of a closed conformal vector field (see the condition given in 
equation ([1])) and as a natural continuation of |TT], our aim here is to 
study the hypersurfaces with canonical principal direction relative to a 
closed conformal vector field X. 

This paper is organized as follows. In Section [2] we will give some 
notation and basics, while in Section [3] we will give several examples. 
In Section m we will prove our main result. Theorem El giving a com- 
plete characterization of these hypersurfaces. Moreover, in Section O 
we prove that every hypersurface of this type is locally the graph of 
a transnormal function, i.e., a function satisfying a condition over the 
norm of its gradient (see equation ([6])). Finally, in Section |6] we charac- 
terize the canonical principal direction surfaces in Euclidean space as 
Delaunay surfaces and prove that CMC constant angle hypersurfaces 
in a product R x are either totally geodesic or cylinders. 

2. Basic properties and notation 

Hereafter, M""*"^ will denote a Riemannian manifold, with connection 
V. Let M be an orientable hypersurface of M with induced connection 
V and ^ a unit vector field everywhere normal to M. 

As usual, we have the Gauss and Weingarten equations: 

VyZ = VyZ + a{Y,Z), Vy^ = -A^Y, 

where Y, Z & X{M), a is the second fundamental form of M in M, 
is the shape operator associated to ^. Recall also that a and A^ are 
related by the formula 

{aiY,Z),0 = {A^Y,Z). 

Let X G j£(M) denote a vector field whose restriction to M is 
transversal to ^. The vector fields X^,T G X{M) are defined by 

X^ = X-{X,0^ and ^ = ^- 

Note that 7^ by the transversality between X and ^. Finally, the 
angle function 6 G (0, vr) between X and ^ is given by 




The vector fields which we will distinguish are given in the following 
definition. 
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Definition 1. A vector field X G X{M) is closed conformal if and only 

(1) VyX = (f)Y 

for every Y G X(M), where (j) is a differentiable function defined on 
M. 

A constant vector field and a radial vector field in MJ^ are examples 
of closed conformal vector fields with = and 0=1, respectively. 
Closed conformal vector fields have been studied extensively in many 
contexts; see P^], in particular, where S. Montiel proved many inter- 
esting facts about them, which we collect in the following theorem and 
use freely in this paper: 

Theorem 2. Let M""*"^ be a Riemannian manifold endowed with a 
non-null closed conformal vector field X satisfying (QP- Then, 

• X has only zero, one, or two zeroes. 

• Away from its zeroes, X defines a n-dimensional distribution 
X"*- by taking at each point the orthogonal complement of X. 
This distribution is integrable and each leaf of the corresponding 
foliation is totally umbilical in M. 

• The functions \X\ and (f) are constant along each leaf of the 
foliation. 

• Fix a connected component N of a leaf of the foliation deter- 
mined by X and let ipt be the local flow of X , defined in an open 
interval / C M. Then the expression 

g{t) = \X^^^p)\, peN, 

does not depend on the particular value chosen for p and M is 
locally isometric to I x^N. From this form we may recover the 
closed conformal vector field X as 

X=\X\dt = gdt, 

where dt is the lift to M of the canonical vector field tangent to 
I. 

3. Examples in Euclidean spaces 

In this section we will give parametrizations of canonical principal 
direction hypersurfaces in Euclidean spaces. 

Example 3. Consider the case of M = M^. We will give a parametriza- 
tion of a surface M with canonical principal direction relative to a unit 
constant vector field Xq. 
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Fix a plane orthogonal to Xq, 7 = 7(5) a curve in parameterized 
by arc length and 1] a unit vector field in X{N) normal to 7. Fix a curve 
/3{t) = {f{t),g{t)) in a 2-dimensional plane, also parameterized by arc 
length. Consider the surface M parameterized by 

(2) <f{s,t) = -f{s) + f{t)r]{s)+g{t)Xo. 

The partial derivatives (ft, y^s are given by 

^t = f\t)vis)+g\t)Xo 

and 

= l\s) + fitWis) = (1 - f{t)^{s)W{s), 

where k(s) is the curvature of 7 at s. We have used the Serret-Frenet 
formulae and the fact that 7 is a planar curve. Note that ipt and (fs are 
orthogonal. Taking the unit vectors along these directions, we calculate 
the projection of Xq onto the tangent plane of M as 

(Xo, ^t)^t + {Xo, l\s)W{s) = g\t)^f 

We will suppose that g'{t) does not vanish and prove that ipt is a 
principal direction of M. Note that a unit vector field ^ normal to M 
is given by 

e(s,t) = -(7'(t)r/(s) + /'(t)Xo, 

and its partial derivative with respect to t is 

fit) fit) 
6 = -g"{ms) + r (t)Xo = j^U'itUs) + g\t)X,) = L^^„ 

where we have used the fact that /'/" + g'g" = 0. The above equation 
implies that (ft is a principal direction of M. 

The above calculation gives an expression for the principal curvature 
of M in the direction of (pf As for the other principal curvature, note 
that 

^, = -g\tWis) = g'it)KisWis). 

Hence, the principal curvatures A, /i of a surface M parameterized 
by ([2]) are given by 



g'(t) l-fitMsY 

For example, consider that 7(3) is a unit circle {k = 1) and the 
additional restriction of M being a minimal surface; i.e., A + /x = 0. It 
is easy to check that the functions /, g satisfying these conditions are 
given by 

f{t) = cosh(sinh"^(t)) + 1 and g{t) = sinh-^(t). 
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which is the arc length parametrization of the catenary. Then M is the 
standard catenoid in M^. 

In fact, we may generahze the above example to any dimension as 
follows. 

Example 4. Let X be a closed conformal vector field in M"+^ and N 
a hypersurface everywhere orthogonal to X, whose existence is guar- 
anteed by Theorem O Let L be a (ra — l)-dimensional orientable hy- 
persurface of N parameterized by ip = ip{xi, . . . , Xn-i) and let t] he a 
unit vector field normal to L. Define a hypersurface M" of M""*"^ by 
the parametrization 

<^{x,t) = ^{x) + f{t)r]{x) + g{t)X{x), X = X/|X|, 

where x = (xi, . . . , x„_i) and {f(t),g{t)) is a planar curve parame- 
terized by arc length. The partial derivatives of the above expression 
are 

= f\t)r^ + g\t)X, 

= + f{t)7]i + g{t)Xi = ^i + f{t)r]i + ^^y^i, 

where i = 1, . . . , n — 1 and all subindices denote partial derivatives. We 
have used the fact that X is closed conformal. Since (X, (pi) = 0, we 
have 

(X,<|.,) = /(t)(X,r7,) = -fit){X„rj) = -/(t)0(^,,r/) = 

for each i = 1, . . . ,n — l, which means that the projection of X into the 
tangent space of M lies in the direction of ipt- This projection vanishes 
iff g'{t) = 0, so we will suppose g'{t) ^ everywhere. Now, a unit 
vector field ^ normal to M is given by 

e = -9'{t)v + f'{t)x. 

As in the previous example, we have 

, _ m 
~ 7w 

which means that (ft is a principal direction, implying in turn that the 
tangent part of X determines a principal direction. 
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4. Characterization theorem 

In this section we state and prove our main result, giving different 
characterizations of the hypersurfaces with a canonical principal direc- 
tion. 

We will suppose that M""^^ is a Riemannian manifold is endowed 
with a non-null closed conformal vector field X and M is an orientable 
hypersurface of M with a normal unit vector field ^ making a (not 
necessarily constant) angle 6 G (0, it) with X. 

By Theorem [21 locally M is isometric to I N. In this case, we 
denote by /i : M — > M the height function of M, i.e., the restriction of 
the projection n : I x g N ^ I to M. In a region U ^ N where the 
angle 9 ^ we may suppose further that M is given as the graph 
of a function F : U — t- /: 

M = { {F{x),x) \xeU }. 

Note that our definition of a graph use the order of the factors ac- 
cording to the standard use of the notation J x ^ for warped products. 

Theorem 5. Let M"^-^ be a Riemannian manifold admitting a non- 
null closed conformal vector field X , and M an orientable hypersurface 
of M. Using the notations above defined as well as those of Section\^ 
the following statements are equivalent: 

(1) M has a canonical principal direction relative to X, i.e., T is a 
principal direction. 

(2) The angle 9 between X and C, is constant along the directions 
tangent to M and orthogonal to T. 

In addition, if we consider an open subset of M isometric to a warped 
product I Xg N and the angle 9 ^ 7r/2, the above conditions are equiv- 
alent to the following: 

3. The integral curves of T are geodesies in M. 

4. The norm of the gradient of h is constant along the level curves 
ofh. 

5. The norm of the gradient of F is constant along the level curves 
ofF. 

Proof. We decompose X as 

X = \X\ ((sin^)T+ (cos^)O- 
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By differentiating the above with respect to a vector field Z G X(M), 
we obtain 

VzX = Z(|X|)[(sin0)T+(cos^)e] 

+ |X| [Z(sin^)T+ (sin^)VzT + Z(cose)^ + (cose)Vz^] . 

The left hand side of this equation is equal to ^Z, since X is closed 
conformal. Taking the tangent and normal components, we have 

(3) 0Z = Z(|X|)(sin 0)T+ |X| [Z(sin Q)T + (sin Q)V zT - (cos Q)Ai.Z\ 
and 

(4) = Z(|X|)(cos^)^ + |X| [(sin0)a(Z,T) + ^(cos^)^] • 

Let Z G j£(M) be orthogonal to T. Hence, Z is also orthogonal to 
X and by Theorem [21 Z(|X|) = 0. We use this fact and take the scalar 
product of (jl]) with ^ to obtain 

= (sin^)(a(Z,T),0 + ^(cos0) = (sin^) [(a(Z, T), ^ - ^(^)] • 

Since d G (0, vr), sin^^ 7^ and we obtain 

l,A(r,Z) = l,a{Z,T),i) = Z{e). 

Let us use these calculations to prove some of the implications an- 
nounced in the statement of the theorem. 

Item [1] implies item [2) If T is a principal direction, there exists 
a A such that A(r = AT, and then the last expression implies that 
Z{6) = X{Z,T) = for every Z such that {Z,T) = 0, which in turn 
implies that the angle 6 is constant along such directions. 

Item [2] implies item[T) If Z{6) = for each vector field Z G X(M) or- 
thogonal to T, the last expression implies that A^T has no components 
orthogonal to T, and hence there exist A such that A^T = XT. 

Item [1] implies item 3: Suppose that there exists A such that A^T = 
XT. The expression ([3]) for Z = T shows that VtT is a scalar multiple 
of T, because sin6' 7^ 0. But as T is a unit vector field, {VtT, T) = 0, 
which means that VyT = and the integral curves of T are geodesies 
in M. 

From now on we suppose that 6 ^ tt /2, so that cos^ 7^ 0. 

Item 3 implies item[TJ Suppose that VtT = 0. From ([3]) (for Z = T) 
and the fact that cos 6' 7^ we conclude that one may express A^T as 
a scalar multiple of T. This means that T is a principal direction. 

Now we will work in the warped product I N. As usual, we will 
use the same notation for vector fields in every factor of this product 
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and its corresponding liftings. Hence, if t denotes a standard coordinate 
system on 7, then dt denotes indistinctly the vector field tangent to I 
and its corresponding lifting to M. Since M is considered here as the 
graph of a function F : N ^ I, a frame field tangent to M is given by 

dF 

Ei = —dt + ei, i = l,...,n. 

OXi 

where denotes the lifting to M of a n-framc tangent to N. It is 
straightforward to check that the vector field defined by 

^^{QoFfdt-VF 

is normal to M. Now the height function /i : M — >■ R is given by 
h{F{x),x) = F{x). (Incidentally, this expression shows that each level 
curve of h corresponds exactly to a level curve of F.) Since 

dF 

{Vh, Ei) = Ei{h) = e,{F) = Q^ = {dt, E,) = {df , E^) , 

the gradient V/i of the height function is precisely the component of dt 
tangent to M. This component can be calculated as 

In other words, Vh and VF are related by 

Hence, the relation between \Vh\ and |VF| is 





|VF| 


2 


|VF| 


2+ (^oF)2 



Conversely, we may express |VF| in terms of |V/i|: 
,^p,,^{QoFf\Vh\^ 



1 - |V/?,|2 ' 

We will prove now the remaining claims in the theorem. 

Items 4 and 5 are equivalent: Take a level curve of F, which as 
pointed out before, corresponds precisely to a level curve of h. From 
the above expressions and the fact that ^ o F is constant along such a 
curve it is clear that |VF|2 is constant along the level curves of F iff 
|V/ip is constant along the level curves of h. 
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To finish the proof, we prove the equivalence between items 3 and 
4. Note, from the above considerations, that T = Vh/\Vh\. Now, 
VtT = is equivalent to 

In short, = if and only if Vv^V/i is an scalar multiple of Vh. 
For every Y G X(M) such that (y, V/i) = we have 

(5) Y\Vh\^ = 2(VyV/i, Vh) = 2(VvhV/i, Y). 

Hence, Vy/iV/i is an scalar multiple of Vh if and only if F | V/ip = 
for every such Y, which happens if and only if |V/i| is constant along 
the level curves of h. □ 



5. Relationship with transnormal functions 

Here we give explicit parametrizations of hypersurfaces M with a 
canonical principal direction in a warped product M""*"^ = M. N. 
Briefly, we will prove that a graph of a function F : N ^ M. has a 
canonical principal direction if F satisfies a condition on the norm of 
its gradient given in the following definition. 

Definition 6. Let be a Riemannian manifold and F : N ^ a. 
different iable function. We say that F is a transnormal function if it 
satisfies the generalized eikonal equation 

(6) \VF\ = boF, 

where 6 is a non-negative function. 

We recall that the concept of transnormal function is related to that 
of an isoparametric function. An isoparametric function is a transnor- 
mal function that also satisfies the condition AF = a o F, where a 
is a smooth function. It is well known that Cartan investigated such 
functions on space forms; see [2] and [18\ for more details. 

In our following results we give the relation between the transnormal 
functions and the hypersurfaces with a canonical principal direction. 

Proposition 7. Let M"+^ be the warped product M.XgN . The graph of 
a transnormal function F : iV — )■ R has a canonical principal direction 
relative to the vector field dt- 

Proof. We denote by V-F the lift to M of the gradient of F. The vector 
field ^ everywhere normal to the graph of F is given by 

i = {QoFfdt-VF. 
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By Theorem O we only need to analyze the angle 9 between dt and ^ 
along the level curves of F, given by 

(7) .o.e = llA= 



ler / v(f?oF)2 + |vF|2' 

If F is transnormal, substituting ([6]) in ([7]) we obtain that cos 6 has 
the form g o F and hence 6 is constant along the level curves of F. 
By Theorem we have that the graph of F has a canonical principal 
direction. □ 

In order to prove the converse of this result, we impose a natural 
additional condition. The statement uses the notation of the above 
Proposition and its proof. 

Proposition 8. Let M""*"^ be the warped productM.x gN . If the graph of 
a function F : — )■ R has a canonical principal direction relative to the 
vector field dt and the angle 9 between dt and the vector field ^ normal 
to the graph is everywhere different from tx/2, then F is transnormal. 

Proof. Solving for |V-Fp in equation ([7]) we obtain 

|VF|2 = {ia.n^9){QoFf. 

Suppose that the graph of F has a canonical principal direction rel- 
ative to dt- Then the angle ^ G (0, vr) is constant along the level curves 
of F. At the points in the image of F we define the real- valued function 

g as 

g{F{p)) = \iaii9{p)\- 

this function is well-defined and differenciable, since 9 is both different 
from and tt /2. We may write then |V-F| = b o F, with b = g ■ g, i.e., 
F is transnormal. □ 

In our next result we give a solution of ([6]) and use it to give to build 
a canonical principal direction hypersurface. 

Proposition 9. Let N be a Riemannian manifold, L G N an ori- 
entable hypersurface of N and a tubular neighborhood of L such 
that the distance function d to L is well-defined in and is difjeren- 
tiable in L^\L. Also, let b : I ^ W be a differentiate positive function 
and define a real valued, invertible function h : I ^ by 

Then, F = h o d satisfies (0) in L^\L. 
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Proof. It is well-known that the distance function d satisfies \Vd\ = 1 
in \ L] then, 

|VF| = \\/{hod)\ = {h' od)\\/d\ = h' od 
1 



bohod = boF, 



{h-^y{hod) 

which proves our claim. □ 

Now we will analyze the uniqueness question related with the con- 
struction of the solutions of given in the last Proposition. 

Proposition 10. Let b be a differentiable positive function and F : 
— M a solution of . Then F is given locally as in Proposition 

Proof. Let d = h^^ o F, where h^^ is given by equation ([8]). Let us 
calculate the gradient of ci in P : 

Vd = V(/i"^ oF) = ((h-^y o F)VF = ^— VF. 

bo F 

Equation ([6]) implies that |V(i| = 1. Using Theorem 5.3 in ^J, we 
deduce that c? is a distance function to a hypersurface L G N. This 
proves that F = ho d has the form given in Proposition O □ 

We translate these results into the language of canonical principal 
direction hyper surf aces. 

Corollary 11. Let N be a Riemannian manifold, L d N an orientable 
hypersurface of N and a tubular neighborhood of L such that the 
distance function d to L is well-defined in and is differentiable in 
L^\ L. Also, let b : I ^ be a differentiable positive function and 
define a real valued, invertible function h : I ^ by 



So 



da 



Then the graph of F = h o d is a hypersurface in M = I Xg N with 
canonical principal direction. Moreover, any canonical principal direc- 
tion hypersurface given as a graph of a transnormal function F has this 
form, at least locally. 



Proof. The first assertion follows from Proposition and Proposition 
[3 The second follows from Proposition HUl □ 
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6. Constant mean curvature hypersurfaces 

In this section we will study two particular yet important instances 
of canonical principal direction hypersurfaces. Firstly, we will charac- 
terize canonical principal direction hypersurfaces with constant mean 
curvature in Euclidean spaces as Delaunay surfaces. In the second case, 
we specialize to the situation when the ambient is a Riemannian prod- 
uct of the form M. x N, while the hypersurface M has constant mean 
curvature and makes a constant angle with the vector field dt tangent 
to the M-direction. Under these assumptions we will prove that M is 
totally geodesic or a cylinder. 

Let us then consider the case of an Euclidean ambient space M"'"'"^, 
which is obviously a warped product M x M" with constant warping 
function g = 1. 

Let M be a hypersurface in IR"'^^ with a canonical principal direction 
relative to a constant vector field, say, Xq = (1, 0, . . . , 0), given as the 
graph of a function F : f/ C — y M, where U is an open set of 
M" and F is transnormal. By Proposition [TU] there is an orientable 
hypersurface L in MJ^ such that F = h o d, where d is the distance 
function to L and h satisfies equation ([8]). In fact, any such L is just a 
level surface of F. 

Now take a unit vector field t] normal to the hypersurface L in M" 
and consider the points q of the form q = p + tr]{p), p E L. In an 
adequate tubular neighborhood of L in M", we have 

F{q) = hod{q) = h{t), 

which means that the intersection of M (i.e., the graph of F) with the 
plane passing through (0,p) G M x M" and spanned by (0, ri{p)) and Xq 
is precisely the graph of h. In particular, the intersections of M with 
these planes are all congruent. 

Remark 12. The above argument and a reparametrization of the 
graph of h by arc length show that every surface in with canonical 
principal direction relative to a constant vector Xq given as the graph 
of a transnormal function has a parametrization of the form given by 
equation in Sectional namely, 

^{s,t) = j{s) + f{t)r]{s) + g{t)Xo, 

where 7 is a planar curve and ri{s) is a unit vector field normal to 7. 

In short, M is locally constructed by considering an orientable hy- 
persurface L in with an unit normal vector field 77 and by putting a 
copy of a planar curve 7 in the plane passing through (0,p) G M x M", 
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p & L, determined by rj and Xq. Let us observe that T, the unit vector 
field in the direction of the projection of Xq into the tangent space of 
M, is a vector field tangent to each of these copies of 7. 

Proposition 13. Let M be a hypersurface in W""^^ with a canonical 
principal direction relative to Xq = (1,0, ...,0), given as a graph of 
a transnormal function F : U G R" — )■ M. If t G W is such that 
F-\t) ^ 0, let 

Mt := {t} X F-\t) 
be a slice of M. If M has constant mean curvature in R"+^ then 

• Mt has constant mean curvature in M.^^-^ for every t, and 

• Mt has constant mean curvature in M for every t. 

Proof. Let p = {t,x) G Mt, i.e., F{x) = t. A basic property of the 
second fundamental forms for Mt G M G W^^^ says that 

(9) «t(x,y) = «t(x,y) + «(x,y), 

for every X,Y G TpMt. Here cJf, a^, a are the second fundamental forms 
of Mt in R"+\ that of Mt in M and that of M in R"+\ respectively. 
Let Xi, . . . , Xn be a ortho normal basis of TpMt. Therefore 

Xi, . . . , Xn, T 

is a orthonormal basis of TpM. By definition of the corresponding mean 
curvature vectors we have that 

n n n 

Ht = Y,MX^,Xi), Ht = 5^at(X„X,), H = ^ «(X„ X,)+a(r, T). 

i=l i=l i=l 

By equation ([H]), the mean curvature vectors are related by 

(10) Ht = Ht + H-a{T,T). 

If ^ is a unit vector field normal to M, we observe that H and a{T, T) 
are scalar multiples of ^, while Ht is a scalar multiple of the lift of the 
gradient V-F and Ht is a multiple of T. By Theorem the angle 6 
between ^ and Xq is constant along Mt. This implies that the angle 
6±tt/2 between V-F and ^ is also constant along Mt and different from 
±7r/2. So, we deduce from (fTOj) that 

cos(^±7r/2)|:ff,| = (Ht,0 = {Ht,0 + {H,0-HT,T),0 
= \H\-\a{T,T)\, 

where cos(^ ± 7r/2) 7^ 0. By Theorem [5|, the integral curves of T are 
geodesies in M, which implies 

\a{T,T)\ = \VTT + a{T,T)\ = \VtT\, 
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where as before V is the Levi-Civita connection of M and V is the 
standard Levi-Civita connection of M"+^. We observe that the last 
term iVr?"! is constant along M^, because it measures the curvature in 
]^n+i q£ integral curves of T, which we have seen to be congruent. 
Since is constant by hypothesis, the mean curvature \Ht\ of Mj in 
]^n+i jg constant for each t. 

On the other hand, we take the scalar product of (ITOl) with Xq to 
obtain 

= {Ht,Xo) = {Ht,Xo) + {H,X,)-{a{T,T),Xo) 
= cos{e±7T/2)\Ht\ + {cose){\H\ - \a{T,T)\). 

Here, we are using that VF is orthogonal to Xq. Since the sec- 
ond summand is constant along Mt and cos(^^ ± 7r/2) 7^ 0, the mean 
curvature \Ht\ of Mt in M is constant, which concludes our proof. □ 

Munteanu and Nistor proved in jl6j that the only minimal surface 
in M.^ with a canonical principal direction (relative to a constant vector 
field) besides the plane is the catenoid. We extend their result to the 
constant mean curvature case and the Delaunay surfaces, that is, those 
surfaces of revolution with constant mean curvature. 

Corollary 14. Let M be an immersed connected surface in with 
canonical principal direction relative to a constant vector field. If M 
has constant mean curvature then M is (part of) a Delaunay surface. 

Proof. We can assume that M has canonical principal direction with 
respect to the constant vector field (1,0,0). Proposition [S] proves that 
M is locally the graph of a transnormal function. By Proposition [T31 
every slice Mt has constant mean curvature in M^, which means that 
each connected component of Mt is a planar curve 7 with constant 
curvature, that is, a line segment or a circular arc. Recall also (see 
Remark [T2l) that M is reconstructed by attaching to each 7(5) a curve 
f3(t) = {f{t),g(t)) contained in the plane orthogonal to 7(5). That is, 
we attach to 7 a family of congruent curves. 

Suppose that 7 is a line segment. By attaching to it copies of /3 we 
obtain that locally M is a cylinder over /3. Since M has constant mean 
curvature, the curvature of /3 is constant as well and again, it must be 
a line segment or a circular arc. In the first case, M is locally a plane, 
while in the second is locally a right circular cylinder. 

On the other hand, if 7 is a circular arc, attaching copies of /3 to it 
produces a surface of revolution. Since M has constant mean curvature, 
it is part of a Delaunay surface. □ 
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In particular, if M is a connected, complete, minimal surface in M.^ 
with canonical principal direction relative to a constant vector field, 
then it must be a catenoid or a plane. 

We conclude this paper by characterizing constant angle hypersur- 
faces in a Riemannian product. We will use the Bochner formula, valid 
for any smooth function F over a Riemannian manifold: 



See [TU] for the proof of this important formula, as well as Sakai's paper 
^17j whose ideas inspired the proof of our result. 

Theorem 15. Let N be a Riemannian manifold with nonnegative Ricci 
curvature. Let M (Z x N be an immersed hypersurface making a 
constant angle with the vector field dt tangent to the "E.- direction. If 
M has constant mean curvature then M is either totally geodesic or 
it is part of a cylinder over a constant mean curvature hypersurface 
immersed in N . 

Proof. By hypothesis the angle 9 between M and dt is constant. If 
6* = 0, then dt is tangent to M, i.e., M is foliated by the integral lines 
of dt, which are known to be geodesies in M x A^. This says that M is 
part of the cylinder R x 7r(M), where vr : M x — )• M is the natural 
projection and 7r(M) is an immersed hypersurface in N . Since M has 
constant mean curvature, the same happens with 7r(M). 

If 6^ 7^ 0, then M is locally the graph of a function F : U C — )• M. 
The main result from our previous work [TT] states that |V-F| = c, a 
constant; i.e., F is an eikonal function. On the other hand, it is well 
known that the mean curvature vector H of the graph of a function is 
given by 



Since M has constant mean curvature and F is eikonal, we conclude 
that AF = divV-F is a constant function. So, we have that F is 
eikonal with constant Laplacian. Using Bochner formula flTT]) and the 
hypothesis on the Ricci curvature of we conclude that HessF van- 
ishes identically. Since B.ess F{X,Y) = (VxVF, F), we have that VF 
is a parallel vector field of A^. 

This fact implies in turn that the level hypersurfaces Lt = F~^{t) of 
F are totally geodesic in A^; then {t} x Lt is totally geodesic in R x A^ 
because every {t} x N is totally geodesic in R x A^. We conclude that 
M is foliated by the totally geodesic hypersurfaces {t} x Lt. 





16 



E. GARNICA, O. PALMAS AND G. RUIZ-HERNANDEZ 



On the other hand, consider the vector field over M given by 

\VF\% + VF 
|VF|(1 + |VF|2)i/2' 

which is just the unit vector field in the direction of the component of 
dt tangent to M. Here we are using the hft of VF into the Riemannian 
product 'Rx N. Since |VF| is constant, we may write the above as 

T = cidt + C2VF, 

where ci, C2 are constant. Therefore, T is parallel in M because it 
is a sum of parallel vector fields in M x A^. So, the integral lines of 
T are geodesies in the above product. This proves that M is totally 
geodesic. □ 
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